A Structured Approach to the
Hardware/Software Co-Design
of an Al-Accelerator

November 1, 2026

Joel S. Emer
MIT/Nvidia

i <4

Emer
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Basic Out-of-order Pipeline
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Out-of-Order SMT Pipeline
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Every Accelerator is Unique
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‘Notation as a Tool for Thought”

- Ken Iverson, 19/9
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Tensors

Rank-0: Scalar Rank-1: Vector

Rank-2: Matrix Rank-3: Cube Al,],k

Rank
variables
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ve)
nm 1 nu

for

Matrix Multiply — Loop Nest

Tensor(shape=[M, K])
Tensor(shape=[N, K])
Tensor(shape=[M, N])

in [0..N):
for m in [@..M):
for I in [0..K):

Z[n][n] += A[ln]Lx] =< B[n][K]
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for

Matrix Multiply — Loop Nest
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Einsum — Matrix Multiply

Ln = Am,kXBn,k

)

[Relativity, Einstein, Annelen de Physik, 1916]
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Einsum — Matrix Multiply

Zm,n — Am,k ><Bn,k

Operational Definition for Einsums (ODE):

- Traverse all points in space of all legal rank variable (index) values (iteration space)
- At each point in iteration space:
- Calculate value on right hand at specified rank variable values for each operand
- Assign value to operand at specified rank variable values on left hand side
- Unless that operand is non-zero, then reduce value into it

[Relativity, Einstein, Annelen de Physik, 1916] [Orojenesis, Huang et.al, ISCA, 2024]
[Numpy/Einsum Python, ~2015] [FuseMAX, Nayak, et.al., MICRO, 2024]
[TACO, Kjolstad et.al., ASE 2017] [Looptree, Gilbert et.al., TCAI, 2025]
[Timeloop, Parashar et.al., ISPASS 2019] [Fast and Fusiest, Andrulis et.al., ArXiv, 2025]
[SAM, Hsu et.al., ASPLOS 2023] [Insum, Won et.al, ASPLOS, 2026]
[TeAAL, Nayak et.al., MICRO 2023] [Turbocharged, Andrulis et.al, MICRO, 2026]
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Extensions for Breadth First Search (BFS)

Generational
Rank

Nig=0Gsq-Fi_15 = AN+(N)VANY (V)
Fiaq=Nig-—Pg 2N (N)
Pigq=P_14 Figq :: NOR(U)
Custom
o|F;| =0 Operators
i| =

Termination

condition

[EDGE-BFS, Odemuyiwa et.al. ArXiv, 2026
11/1/2026 i <4 Emer



More Generational Ranks - Mamba Cascade

eInitializations:

5 i ; —Discretization (1)
waaall o W TApir=WTAydy - Xipid (2)
LEXi—0p,icd = ETycq - Tokensy;p 2 [\ < (N)\/ANY, (2) Birir = WBian - Xopis 3)
0,1,n = Jdan " A bac
rExtended Einsum: ' b= ”'(-'I.d,n _ ‘Xl.b.i.d (4)
e CacIngs %) TTApia= WAipa-TAyir+ BA (5)
LEXipied= EYi-1pjied+ LEXi-1pecd (4) Lbi,d = Lrd Lhir g '
— self.norm(x) (5) — softplus to get A (6)
: - : 1
PXipied=LEXpiea* LEX|p; ed (6) Aipig= - X log(lipia+ exp(B X TTA1pia)) (7)
"VL?AI. 3= PX bied t +e (7) .
{b i :b 1 V ' —— Main Recurrence — (8)
MEXis: = M (8) 1
HEALE =D Appidn = exp(Aipia X Ardn) (9)
, - 1 B — A oo B (10)
SQEX|p;i= ——— 1,b,idn = Dipid- B,
SQEX i = M EX i t) ©) i I o
NEXipiea= LEX 1 pied+ SQEX1pi- WEXea (10)
(11) e —
Hipian=HXipidn+ HHipidn (13)
—in-proj(x) (1) 56Y16i.a= Cupin- Hipidn (14)
j;:.]'b'i‘d - :::.Z;:.L'd'd. J:.ii."b'i"‘t E;; LYipia= S6Yipia+ Da-Xipia (15)
Xipia=WRX eda - NEXpiea : A - . : .
— ooyl 1) - — mfx in parf: of the orlg—lnal input using silu (16)
Loop order: B, D, I (5) Yipid=LYipid- (RXipiaXx o(RXpid)) (17)
TTX1p50 = WConuvia g TXypi-ga+ BT X1 (6) (18)
—silu(x) (7)
Xipid=TTXipiaX o(TTXypid) (8)
(9)

[Odemuyiwa, WIP]
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Rank Variable Expressions for FHE

Small Error EY
(Gaussian)

Plaintext Pt} Secret Key SkV

\ / (Uniform)

Rank Variable N _ N N /

Expression |\/\§\tErrn = Pty + E, Mask
= AM=Nx SK=N as

Ask(m+k)%N /

ASkNegl = Q — ASkN
Ctny ° = PtErrY + ASkNegl
CtNB=2 _ gN +— Recover Mask
n,1 T “'n

Ciphertext Ct,)},

Note: All + and x are modular adds and modular multiplications

[Chen et.al., WIP]
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Transformer Attention
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Figure 1: The Transformer - model architecture.
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Transformer Attention - Einsums

QKm,p = Qe,p X Ke,m

GM, = QK \/max(U)
SNy p = e@Em p—GMp

SDp = SNm,p

App = SNy 5/SDy
AVf,p = Am,p X Vf,m

i <4

Attention as a
cascade of Einsums

/

Custom
Operators

Emer
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Transformer Attention — Linear Algebra

Q= xw<
K=X WX
V=XwV
T
A = softmax, K
d
Z=AV

i <4
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Ideas for Sparse Attention in Transformers
SpAtten [Wang et al. 2020]

Base transformer [Vaswani et al. 2016]

Qb,e,h,m = Ib,d,m X WQd,e,h : v +(U)
d

Kpehm = Toam X WEaep : \[ +(U)
d

Vo t.am = Toam X WVash: V +(U)
d

B,H,M,P=M 1 B,E,H,M
QK = Qb,e,h,p X Kbseah7m : V+(U)
€

bh,m.p VE

SN(;B};I:YT;II\{,P:M — eQKb‘h,m,p

SDféfi’P:M = SNphmp : V +)

Appmp = SNonmp/SDopp

AVi thp = Aphmp X Vo ppm = \ +(U)
m

B,G=HxF,P=M __
Cb,h,xF+ f.p - AVb,f,h,p

Zisgp=Chop X W2y, \/ +(U)

g

11/1/2026 lir <&,

IPpam = Mﬁ.b‘m X IKVL.(I.m

Qibenr =MH;pp x IQpar X WQqeh : V +(U)
d

Kipenm = MHipp X IPyam x WKaep : \[ +(U)
d

Vipfhm = MHipp X TPy qm x WVqpp V+(U)
d

1
QKt,b.hml,r = TE, X Qi‘b.e,h.r X Ki,bw,h,m : V+(U)
A%

e

K bhm,r
SNi,b:h,m.r = @Kibhm,

SD;phr = SNiphmyr : V +U)

m

Az}b,hun‘r = SNi\b.h,m,r/SDi,-’thT

AVipshr = Aiphme X Vip fhm ¢ V +(U)
m

B,G=HxF,R _
Civmrirr = AVipshr

Zz.b,d:r =Uibgr X WZd:g : V+(U)

g
ZAipshr = ZippsFrfr
MTi1pm = prune(Aipame) X MTipm
MH; 150 = prune(ZAip s hre) X MHipn
8T bim = STipim + Aspiiime

SHi 1 pn=SHipn + ZAipphr

Emer



Ideas for Sparse Attention in Transformers

Base transformer [Vaswani et al. 2016]

Qb,e,h,m = Ib,d,m X WQd!E’h : V +(U)
d

Kpenm = Tram X WKyen: \/ +(U)
d

Vit = Toggn X WVagn = \[ +(V)
d

B,H,M,P—M 1 B,E,H,M
K, = —= X X K epm : \[ +(U)
[

byhvm)p .’E byexhyp
BIH:M1P:M — QKb,h‘m.)p
SNy hmp =8

SDphy" M = SNoppmp : \ +(U)
m

HAspnp = SNidins/ B Dis 5

AVishp = Abhmp % Vo thm : \ +(U)
m

B,G=HxF,P=M __
Cb,hxF+f,p - A%,f,h,p

Zvdp = Chgp x Wy : V"‘(U)
g

11/1/2026 i <4

Sanger [Lu et al. 2021]

Qiepm = Toam X WQuaen : \/ +(U)
d

Q.

Kiem = Tngom ¥ Whaen s \[ +(U)
d

Vo rim = Ioam X WVqpn V +(U)

d
Qs i = 8 Dz

Kiorm = Qt(Kpe,n,m)

~ BHMP=M 1

QK pmp

b,h,m,p

ABEHM _ £
= —= xQuuiy" % Kpepn : \/ +(V)
vE b4

SNy pmp = €@Xuhme

SDynp = SNipmp V +(U)

Aspmp = SNonmp/SDonp

Mw..m.p = Pru“f(Ab.h.m‘p)

£ 1
K = —= X My X Qpipg % Kiepm : \f +(U)
€

VE

B, H M, ,P=M
SNb.f:.m,p

— eQKsnmp

SDEI::'P:M = SNphmp V+(U)
m

BHM.P=M
Ay s = SNohmp/SDopp

AVERIEM — Ay X Vi g = N +(U)

m

B,G=HxF,P=M __
Cb‘m!-‘ +f.p = AWIJJIJ’

bd.p

ZEDPM = Gy % Wy \[ +(U)

g

Emer
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Ideas for Sparse Attention in Transformers

Base transformer [Vaswani et al.

Qb,e,h,m = Ib,d,m X WQd,e,h . V -|—(U)
d

Kb,e,h,m = Ib,d,m X WKd,e,h . V +(U)
d

Vot hm = Tngm X WVazn: \[ +(U)
d

B,H,M,P=M 1 B,E,H,M
QK it gt — X Q sy hd g % K . +(
b,h,m,p i b,e,h,p beh,m -
E €
BHMP=M _ _QKyn.
SNy j mp =e ’

SDEEPM = SNy hmgp + [ +(U)
m

Ashinw = SNinwg!/ 8D s

AV; thp = Abhmp X Vo fam + \ +(U)
m

B,G=HxF,P=M __
Cb,hxF+f,p - AVb,f,h,p

Zpap=Chgp X WZ,: \/ +(U)
g
11/1/2026

2016]

u)

i <3

EdgeBERT [Tambe et al. 2021]

M H), = take(Mj,  p, zeroes(m, p),0)

Qb,e,h,m = MH; x Ib,d,m. X WQd,e,h . V +(U)
d

Kb‘e,h,m = MH; x Ib,d,m >3 WKd,e,h 3 V+(U)
d

Vishm = MHy X Igm X WVazh: \/+()
d

B,H,M,P=M 1 B,E,H,M .
QKbﬂhva - ﬁ 2 Qb,e,h,p % Kb’e’h’m E V +(U)

B,H,M,P=M — QKb hm,
SNb,h,m,p =€ ’

e

Sfoﬁ:'P:M =8SNphmp V +U)

Ay hona = SNihnn /S Dig0

AVb,f,h,p = Mh,m,p X Ab,h,m,-p X Vb,f,h,m : V +(U)
m

B,G=HxF ,P=M __
Cb,h*F-Q—f,p - AVE‘%]’,h,P

B,D,P=M .
Z = Chgp X WZy,: \/ +(U)
g

Emer



Ideas for Sparse Attention in Transformers

Base transformer [Vaswani et al. 2016]

Quehm = Iodm X WQgep : V+(U)
d

Kb,e,h,m = Ib,d,m X WKd,e,h : V +(U)
d

Ifb’f’h’m = Ibad)m X WV:infah : V+(U)
d

B,H,M,P=M 1 B,E,H,M :
QK, = —=XQyon," XKbehm: V +(V)
e

b,h,m,p \/E

BHM,P=M _ _QKyum
SNy jmp =g

SD =Y = SNyjmp \/ +(U)

Abtimp = SNohinp/ B Dinp

A%,f,h,p = Ab,h,m,p X ‘/b,f,h,m : V _|_(U)

B,G=HxF,P=M __
Cb,hxF+f,p - A%,f,h,p

Zvdp = Chgp x Wi : V +(V)
11/1/2026 ’ nir <

DOTA [Qu et al. 2022]

Qsepm =Toam X WQgep : V +(U)
d

Kyenm = Ioam X WEKgep : V +(V)
d

v’b.fﬁ{m = Ib,d,m X WVd_f,h 3 V+(U)
d

Bunin=Toam <P W Qe W 4 (W)
. Y Sparse
Eyjongm = Tyam % Pﬁ'K x WK ip \/+(u) MaSk
d.j
~ B.HMP=M = C.H.] =
QK pmp = Qf,;f).‘jf‘” X Kpjhm V+(U)
k

Mb,h‘nl,p = PT'U”E(Q_Kb,h,m,p)

B,H M P=M 1 B,E,H M g
QKyhmp =" Mypmp % Qpoiy ™ % Kpepm 2 \/ +(V)
€
SNEHMPM _ (QHosns

SD:EI.:P:M = SN hmp V +HY)

m

BH,MP=M
A = SNppmp/SDopp

b,h,m,p

B,F . H P=M
AV = Apnmp X V,fhm \/ +(U)

B,G=HxF P=M __
Cb,an+f,p - AVE’J;"“-I'

ch}g'P:M =Chgpx W2y, V +(U)
g

Emer
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Ideas for Sparse Attention in Transformers

Base transformer [Vaswani et al. 2016] DOTA [Qu et al. 2022]

Qb,e,h,m = Ib,d,m X WQd,E,h H V +(U) Q-ﬁ,z,h,m —_ Ib,d,m. X WQd,g,h . V+(U)
d

d
Kyenm = Tuagn X WEagp: \[ +H)
d

Kpehm = Ingm X WKaen : \[ +(U)
d Vb-ﬁhm = Ib,d,m X WVd_j‘h 3 V+(U)
d

Ifb’f’h’m = Ibad)m X WV:infah : V+(U)
d

Guton = Toam % P x Wy {4V
dyj

- 1 7 7
QKyimp = = X Qg X Ky \f +(V) Baknm = Toam * PE X Wi 1\ +(0)
,1,71,P E €y LD : d,j
B HMP=M _ =g K HM 2 i
SNB,H,M,P:M — eQKb,h.m.p Vrtme Sk et \k/+(U)
b,h,m.p - -
P Mb,h‘nl,p = PT'U”E(QKb,h,m,p)
SDZIPM = SNy hmyp + \[ +(U - _ L
b,h,p b,h,m,p Y ( ) QKf;lf,’;fp_M =B X My pmp X Qf;if’M % Kpenm : v+(U)
€
B, HM,P=M _ _QKyymp
Aphmp = SNohmp/SDyhp ol
SDGEPM = SNypmp + \ +(U)
A.‘/Baf:h',p = Abzham)p X I/b,f,h,'m. : V +(U) B .H M P=M .
e Aphmp” = SNopmp/SDbnyp

CB,G:HXF,P:M . AV;) i Alfbi,if.p:M = Appmp X Vofhm : V +(U)
T LR 7p m

bhxF+fp
CBE-HXFP=M _ 2y
bhxF+fp - v fohip
Ziis = Chrop ¥ WZyy ! V +(U)
g

Zf‘;'g'P:M =Chgpx W2y, V +(V)
11/1/2026 Illil_ ((5 ; N
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TeAAL Pyramid of Concerns

constraints
Cascade of

Einsums

constraints

Mapping

constraints
Format

constraints

24N}09}1Yyo.y

Binding

[TeAAL, Nayak et.al. MICRO 2023]
I"lir @2 Emer
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TeAAL Pyramid of Concerns

constraints
Cascade of

Einsums

constraints

Mapping

constraints
Format

constraints

24N}09}1Yyo.y

Binding

[TeAAL, Nayak et.al. MICRO 2023]
I"lir @2 Emer
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Aspects of Mapping

 How is processing ordered (including splitting)
— In time, e.g., tiled

— In space, e.g., parallelized

 How is data moved and stored hierarchically

— Where are tiles of data stored

— When is data reused without storing to memory, fusion

llll— o
Il N\ |

Emer
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* An accelerator with on-chip memory, 2D PE array, and 1D PE

array.

Accelerator Architecture

« Connected to off-chip DRAM.

11/1/2026

DRAM

On-chip
Memory

= 2D PE array

r-l 1D PE array

l e
TIRSCZ, |

Emer
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Reading LoopTrees

 Mappings can be represented as
a LoopTree that consists of ‘

for m1in [0..M1)
I

for k1 in [0..K1)
T

Zm,n = Am,k ><Bk,n

OnChipMemory reuses ’
I
for n1in [0..N1)

I
OnChipMemory reuses ’
I

for mO in [0..M0)

for kO in [0._KO)
I
for nO in [0..NO)

[LoopTree, Gilbert et.al. TCAI 2024]
11/1/2026 U Hs @2 Emer
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Reading LoopTrees

 Mappings can be represented as S
a LoopTree that consists of ,

for m1 in [0.M1)

Zm,n = Am,k ><Bk,n

— Loop nodes, specifying traversal for k1 n [0. K1)
over ranks in the Einsum. [orcramemon euses ]

for n1in [0..N1)

T
| OnChipMemory reuses ’
|

for mO in [0..MO)

for kO in [0. KO)
[|
for n0 in [0..NO)

( None computes Z

[LoopTree, Gilbert et.al. TCAI 2024]
11/1/2026 U Hs @2 Emer
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Reading LoopTrees

 Mappings can be represented as

a LoopTree that consists of T
— Loop nodes, specifying traversal ko1
over ranks in the Einsum. ﬂﬁ“pmm;meuses’
i
Hocnmpmmo:y wses B ]
Rank M has been partitioned into M1xMO0. formOi:l —
These loops iterate over the created tiles. for k0 in: [0 KO)
or o0 0.0

Zm1monino = Am1mok1koXBk1konino

[LoopTree, Gilbert et.al. TCAI 2024]
11/1/2026 U Hs @g Emer



Reading LoopTrees

31

 Mappings can be represented as
a LoopTree that consists of

— Loop nodes, specifying traversal
over ranks in the Einsum.

— Storage nodes, specifying keeping
and reusing tensor tiles in memory.

11/1/2026 i <%

Zm,n = Am,k ><Bk,n

‘ DRAM reuses E‘ ‘

11

ffor m1in [0.M1)
11

for k1 in [0..K1)

1T

‘ OnChipMemory reuses’

IT
for n1in [0..N1)

LI
| OnChipMemory reuses ’
11

ffor mO in [0..MO)

for kO in [0. KO)
IT
for n0 in [0..NO)

None computes 7

[LoopTree, Gilbert et.al. TCAI 2024]
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Reading LoopTrees

32

 Mappings can be represented as
a LoopTree that consists of

— Loop nodes, specifying traversal
over ranks in the Einsum.

— Storage nodes, specifying keeping
and reusing tensor tiles in memory.

— Compute nodes at the leaf,
specifying processing operations
at compute units.

11/1/2026 i <%

for m1 in [0.M1)

T
for k1 in [0..K1)
T

l‘ OnChipMemory reuses\

I
for n1in [0..N1)

| OnChipMemory reuses ‘B’

I
for mO in [0..MO)
T
for kO in [0. KO)
1

for nO in [0..NO)

( None computes Z

[LoopTree, Gilbert et.al. TCAI 2024]

Emer
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LoopTrees Ease Interpretation of Mappings

 LoopTrees have simple rules for analyzing reuse.

Zm’n - Am’k XBk,Tl DRAM reuses B :

form1 in [0..M1)
I
for k1in [0..K1)
[
‘ﬁn.wemow reuses\ < Loops over rank variables not in the tensor
. under the storage node shows reuse.
forn1in[0.N1)| <

I

OnChipMemory reuses B ’
|

for mO in [0..MO)
|

for KO in [0..KO)
T

forn0 in [0..NO)| <

e i [LoopTree, Gilbert et.al. TCAI 2024]
11/1/2026 UHs '{E% Ermer

E.g., iterations over n1 and n0 reuse elements of
A in OnChipMemory, reducing DRAM accesses.
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LoopTrees Ease Interpretation of Mappings

 LoopTrees have simple rules for analyzing reuse.

Zm,n — Am,kXBk,n

DRAM reuses B
I

form1in [0.M1)| <

T
for k1in [0..K1)

[

‘ OnChipMemory reuses \

for n1in [0..N1)
I

OnChipMemory reuses ‘EkB ’ <

Loops over rank variables not in the tensor
above the storage node shows refetches.

E.g., tensor B is refetched M1 times

I
for mO in [0..MO)
1
for kO in [0..KO)
T
for n0 in [0..NO)

11/1/2026

[LoopTree, Gilbert et.al. TCAI 2024]
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LoopTrees Ease Interpretation of Mappings

 LoopTrees have simple rules for analyzing reuse.

Zm,n — Am,kXBk,n

DRAM reuses B
I

form1 in [0..M1)

1

for k1in [0..K1)

[

‘ OnChipMemory reuses \

Loops over rank variables not in the tensor
above the storage node shows refetches.

for n1in [0..N1)

I

OnChipMemory reuses ‘EkB ’

for mO in [0..MO)

for kO in [0..KO)

I

for n0 in [0..NO)

11/1/2026

E.g., tensor A is never refetched.

[LoopTree, Gilbert et.al. TCAI 2024]
Mhir @% Emer
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LoopTrees Ease Interpretation of Mappings

 LoopTrees have simple rules for analyzing reuse.

Zm,n — Am,kXBk,n

form1 in [0..M1)

1

for k1in [0..K1)

[

DRAM reuses B
I

‘ OnChipMemory reuses\ <

for n1in [0..N1)

I

Loops over rank variables in the tensor under the

OnChipMemory reuses ‘EkB ’

for mO in [0..MO)

storage node shows the tile shape.

E.g., tensor A has tile shape (M0, K0).

for kO in [0..KO)

<&
<

I

for n0 in [0..NO)

<&
<

11/1/2026

[LoopTree, Gilbert et.al. TCAI 2024]
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Basic Mapping as Baseline

* Here is a simplified attention Einsum cascade:

QKh,m,p — Qh,m,eXKh,p,e

Apmp = softmax(QK)
AVh,m,f — Ah,m,p XVp,f

 The baseline mapping processes each Einsum individually,
using off-chip memory to keep any intermediate tensors.

11/1/2026 U Hm X

Emer
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Basic Mapping as a LoopTree

 The basic mapping processes Einsums while keeping
intermediate results (QK and A) in off-chip memory.

" % o p—
‘ DRAM reuses Q [K] v ¥aKEA _;;_Av\
2D PE computes QK 1D PE computes softmax 2D PE computes AV

11/1/2026 U Hm @% Emer



Basic Mapping as a LoopTree

 The basic mapping processes Einsums while keeping
intermediate results (QK and A) in off-chip memory.

QKh,m,p - Qh,m,e XKh,p,e EAM reuses Q A\ EQ:@E-E-E';‘
Apmp = softmax(QK)
AVh’m’f = Ah’m’p X Vp’f

11/1/2026 U Hm ,@%

Emer
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Basic Mapping as a LoopTree

 The basic mapping processes Einsums while keeping
intermediate results (QK and A) in off-chip memory.

QKh,m,p — Qh,m,e XKh,p,e EAM reuses Q Vv EQ:}:('}-E_E;‘
Anmp = softmax(QK)
AVh,v\xf = ApmpXVp

Scales quadratically

with sequence length M
and P

11/1/2026 Emer

40



Unfused Mapping as a LoopTree

 The unfused mapping processes Einsums while keeping
intermediate results (QK and A) in off-chip memory.

QKnmp = QnmeXKnp,e [ or euses o [V fj\
Apmp = softmax(QK) A lot of reads and writes

@ to/from DRAM
AVh,m,f = Ah,m,vap,f )\

11/1/2026 Emer
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Fusing the Einsums

« A fused mapping keeps and reuses intermediate tensors QK
and A in on-chip memory:

QKh,m,p = Qh,m,e XKh,p,e ‘ DRAM reuses Q |K|V _AVK_\
1
Ay, = softmax(QK) F ‘ .-j ___, Keptonlyin OnChipMemory,
P OnChipMemory reuses {QK 3A} reducing DRAM accesses.

AVh’m’f = Ah’m’p XVp’f
@ But QK and A may still be too
large to fit on chip.

11/1/2026 Nhr @g Emer



The Mapping of FLAT

EAM reuses Q E V
I

QKh,m,p - Qh,m,eXKh,p,e ) .
_ Tiles with ranks H and M
for h1in [0..H1)

Apmp = softmax(QK) | / partitioned!

o for m1in [0..M1)
AVh,m,f Ah,m,p X Vp,f A smaller on-chip memory is

|

ﬁhipMemory reuses{(é@ﬁ / needed to keep QK and A4, but

/’\ with many refetches.

[FLAT, Kao et. al., ASPLOS 2023]

11/1/2026 v @Z Emer
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The Mapping of FLAT

. FAM reuses Q E V
QKh,m,p - Qh,m,eXKh,p,e I

= for h1 in [0._H1)
Ah,m\’p = softmax(QK) |

AVh’ = Ah,m,pXVp,f for m1 in [0..M1)

|

‘ . - -:\
OnChipMemory reuses :_C_Hffi\ }
Scales quadratically @

with sequence length M

and P

[FLAT, Kao et. al., ASPLOS 2023]
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Can We Reduce Memory Requirement More?

Einsum from before

QKh.m,p = Qh.m,e X Kh.p,e
Apmp = softmax(QK)

A‘Vh_mf = Ah,m,p X ijf

11/1/2026 v @2 Emer



Can We Reduce Memory Requirement More?

With softmax expanded
Einsum from before ‘

QKh,m,p = Qh,m,eXKh,p,e

ey = Cnme % Kh,p,/ GMp, = QK p \/max(U)
Apmp = softmax(QK) p

AVh‘me = Ah,m,p X ijf\S‘Nh,m,p = eXp(QKhym,p - GMm)
Ah,m,p = SNh,m,p/SDm

‘ AVh,m,f = Ah,m,p XVp'f

11/1/2026 Nhr @g Emer



Can We Reduce Memory Requirement More?

Einsum from before

QKh.m,p = Qh.m,e X Kh.p,e
Apmp = softmax(QK)

11/1/2026

With softmax expanded

QKh,m,p = Qh,m,eXKh,p,e

GM,, =[QKm,p i \/max(U)]

Ah,m,p = SNh,m,p/SDm

/
AVh‘me = Ah,m,p X ijf\S‘Nh,m,p = eXp(QKhym,p - GMm)x

AVh,m,f = Ah,m,p XVp'f

Reduction over P
prevents partitioning

rank P

i <4
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Can We Reduce Memory Requirement More?

With softmax expanded

Einsum from before ‘

QKhmp theXth
Apmp = softmax(QK)

AVim,s = Apmp % \5

QKh,m,p = Qh,m,eXKh,p,e

=[QKm,p i \/max(u) ]

thp - eXp(QKhmp GMm)x
Anmp = SNimp/SDm

Athf _Ahmp

11/1/2026

Reduction over P

With Eingebraic manipulations from FuseMax(]

prevents partitioning

rank P

<

Initialization:

BK@,mI,mO = Kc,mlxM’O+m0
BVf,ml,mO = Vf,mlxM0+m(]
Rnirml:mlzﬂ,p = -0
RDml:ml:ﬂ,p =0
RNle:ml:O,p =0

Extended Einsums:

BQR’?’H.I,'HI.O,}) = Qc.p X BR’C,TTLI,T?LO
LMpm1,p = BQEm1,mo,p = \/ max(U)

m0
RMpmi41,p = max(RMm1,p, LM p)
SLN,.,LI m0 p —] EBQI{mL,m(l,p—Rﬂﬁ’ml+lvv
SLDml.p = SLNmLme
SLNV§m1p=SLNm1mop X BVfm1mo
PRA'[ml.p = eRJL:fml‘TJ_RA"]nll«I»l,p
SPDp1p = RDmip X PRMpy,p
RDpiy1,p = SLDyip+ SPDpip
SPNV_Lm,l,p = Rj\rvf,ml,p X PRA'Iml,p

RNme11+l.p = SLNVfJnl,p + SPNVf,ml,p

AVf»p = RNVf,Ml,p/RDMl,p
o:ml > M1

Emer



The Mapping of FuseMax

| DRAM reuses Q ’
|

for h1in [0..H1)
I

for m1 in [0..M1)

I

ﬁhipMemow reuses
Tiles with rank P partitioned!\A\> j ~

for p1in[0..P1)

Reduces on-chip memory‘ OnCripviemory reuses [GKE.§ SLNV

requirement even further.

1D and 2D PE computes
2D PE computes QK 2D PE computes SLNV

[FuseMax, Nayak et. al., MICRO 2024]

11/1/2026 v @Z Emer
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Can We Fuse More Einsums?

 We looked at the following original Einsums, ...

QKh,m,p = Qh,m,eXKh,p,e
Apmp = softmax(QK)

AVh,m,f = Ah,m,p XVp’f

11/1/2026 Il“l_ ({%

Emer
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Can We Fuse More Einsums?

 We looked at the following original Einsums, but

transformers have even more:
Qh,m,e = m,dXWQd,h,e
Knms = ImaXWKgpr
Viom,f = Im,aXWVqp s

QKh,m,p = Qh,m,eXKh,p,e
Apmp = softmax(QK)

AVims = Apmp XV £
Zimg = AVim s XWZp, £ 4
FFAme = Zm gXWFFA,
FFBp, j = FF Ay XWFFB,

11/1/2026 UHw X Emer



Can We Fuse More Einsums?

FuseMax mapping from before...

11/1/2026

‘DRAM reuses Q ‘|

for h1in [0..H1)
I
for m1 in [0.M1)

OnChipMemory reuses |

for p1in [0..P1)

- IRl 1D PE computes AV
OnChipMemory reuses ;_Q*SI-;_I LNV | (by normalizing one final time)

1D and 2D PE computes
2D PE computes QK 2D PE computes SLNV

i <4

Emer
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Can We Fuse More Einsums?

Intermediate tensors Q, K, V, Z,
and FFA are not fused by
FuseMax

FuseMax mapping from before ’ DRAM reuses [[FQ: K JVEAVSZ8FFAS FFB ’
+ other Einsums @

for i in [0..H1)

1
2D PE computes Q 2D PE computes K 2D PE computes V form1in [0..M1) 2D PE computes FFA 2D PE computes FFB

OnChipMemory reuses E.P:\ii

for p1in [0..P1)

OnChipMemory reuses {QT(I- S-L-ﬁ\;-:

1D and 2D PE computes
2D PE computes QK 2D PE computes SLNV

11/1/2026 v @2 Emer

1D PE computes AV
(by normalizing one final time)
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Fuse All Einsums in a Transformer Block

DRAM reusesm K :'\Fj FFB

I
for m1 in [0..M1)

I
[: : PN LT
OnChipMemory reuses : Q 5_2 _:Eff H

TransFusion:
«— _Q,AV, Z, and FFA are also fused.

for d1 in [0..D1)

for h1in [0. H1)

2D PE computes FFA 2D PE computes FFB

2D PE computes Q 2D PE computes K 2D PE computes V for p1in [0..P1) .
7
OnChipMemory reuses {Q'RI' SLNV 2D PE computes Z
- -l -

OnChipMemory reuses - K

OnChipMemory reuses E'\Fj

T I
[Transfusion, Zhang et. Al., MICRO 2025]
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What Happens With Lots of Fusion

Energy per token by

component
0.175

mmm Off-chip Memory
0.150 1 wmm Global buffer

v

o

= 0.100 A

E TransFusion
> 0.075 1

£

[}

c

iN]

0.050 1 1

o ] I

0.000 - : - T :
1 4 16 64

Sequence length (k)

11/1/2026 v @2 Emer
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More Fusion is Not Always Better!

Energy per token by
component

0.175
mmm Off-chip Memory

0.1501 mmm Global buffer

0.100 A

m)/token)

TransFusion
0.075 A

Energy (

0.050 1 I

o ] I

0.000 - . . T .
1 4 16 64

Sequence length (k)

11/1/2026

Energy (m]/token)

0.08
0.06

0.04 -

/
W

0.02

0.00

Off-chip memory energy per token
by tensor category

I Intermediates (other)
B Intermediates (K, V)
B Input & Output

I \Weights

TransFusion

Data movement of K, V, and
- weights dominates energy
usage!

64
Sequence length (k)

i <4

Emer
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Fuse All Einsums in a Transformer Block

DRAM reuses EI K :Vj FFB

form1in [0..M1)

| T Tensors KandV are read M1 times
from DRAM

: I o |
OnChipMemory reuses Lgiz_: FRAS

for d1in [0..D1)

for h1in [0. H1)

2D PE computes FFA/ > 2D PE computes FFB

2D PE computes Q

}
I

2D PE computes K 2D PE computes V for p1in [0..P1)

Z

- P S v
OnChipMemory reuses i CE}SE_E:S_LPI_\.: i |

D PE computes Z

OnChipMemory reuses E-\fj

|
[Transfusion, Zhang et. Al., MICRO 2025]
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Mapping Generated by FFM for GPT-3 6.7B

Split

This FFM-generated mapping does not

’?AM reuses  Q {f_{fﬁ?&{f?gj ?’ / fuse Q’ K, V, AV, or FFA

for h1in [0..H1)

form1 in [0..M1)

AY
2D PE computes Q 2D PE computes K 2D PE computes V OnChipMemory reuses E-K-;:r\fi|

form1in [0..M1)
|

OnChipMemory reuses E:dl-(-;

1]

OnChipMemory reuses ;-S-L-WE-E‘

e ————————)
OnChipMemory reuses {Z}

2D PE computes FFB

I
for p1in [0..P1) 2D PE computes Z 2D PE computes FFA

1D and 2D PE computes 1D PE computes AV
2D PE computes QK (by normalizing one final time)

[Fast and Fusiest , Andrulis et. al., ArXiv 2026]

11/1/2026 i <%

Emer
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Mapping Generated by FFM for GPT-3 6.7B

This FFM-generated mapping does not
B e / fuse Q, K, V, AV, or FFA.
oRt s G SRV AV GEER] P |

But fetches K and V only
once.

2D PE computes FFB

Split

for h1 in [0..H1) for m1 in jJ&-M1

AY
2D PE computes Q 2D PE computes K 2D PE computes V OnChipMemory reuses E-K-:r\fi|

form1in [0..M1)

)
OnChipMemory reuses EZ}

OnChipMemory reuses E(QI-(, " &
I
for p1in [0..P1) 2D PE computes Z 2D PE computes FFA

T

OnChipMemory reuses ;-S-L-WE-E

1D and 2D PE computes 1D PE computes AV
2D PE computes QK (by normalizing one final time)

[Fast and Fusiest , Andrulis et. al., ArXiv 2026]
11/1/2026 U Hs @Z Emer
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Selective Fusion is Better

0.175

0.150

m)/token)

Energy (

0.025

0.000 -

11/1/2026

Energy per token by

component

0.125 4
0.100 -
0.075 A

0.050 1

mmm Off-chip Memory
I Global buffer
Em MAC

TransFusion

l IFFM

1 4
Sequence length (k)

16

64

Energy (m]/token)

0.08

0.06 1

0.04 +

0.02

0.00-

Off-chip memory energy per token
by tensor category

I Intermediates (other)
B Intermediates (K, V)
B Input & Output

I \Weights

TransFusion

1 FFM

l

1 4
Sequence length (k)

16 64

Higher data movement for
unfused intermediates, but
much lower for K, V, and

Weights.

[Fast and Fusiest , Andrulis et. al., ArXiv 2026]

i <4
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More Fusion is Not Always Better!

Importantly, this mapping is only better for this workload-architecture pairing!

11/1/2026 UHm <A Emer
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Mappers Help Navigate Mapping Trade-offs

 The end result is lower EDP, latency, and energy

simultaneously:
B TransFusion . FFM
12 A
__ 60+
= 015
T 104 g g
Q N
< gl 2 g
oy 24 €0.10
2 61 = -
% - )
] g o
5 & & 20 S 0.05
2 4
D~ 0 0.00-
1 4 16 64 1 4 16 64 1 4 16 64
Sequence length (k) Sequence length (k) Sequence length (k)

[Fast and Fusiest , Andrulis et. al., ArXiv 2026]
11/1/2026 U Hs @Z Emer
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TeAAL Pyramid of Concerns

constraints
Cascade of

Einsums

constraints
Mapping
constraints
Format

24N}09}1Yyo.y

constraints -
Binding

[TeAAL, Nayak et.al. MICRO 2023]
I"lir @2 Emer
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